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Using (11) and (8) we see that
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and so (48) becomes
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Using the matrix inversion lemma we can rewrite (50) as
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Applying the matrix inversion lemma to (51) and substituting
(13) into the resulting expression we get
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Since
	
U k = V k W Š1/ 2

k , then we haveV k =
	
U k

MMSE W 1/ 2
k

and so the beamforming weights are given by (10). �

APPENDIX D
PROOF OFPROPOSITION1

Proof: For this case,P k̄ = µk I and (8) simpli�es to
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From (53), it is clear that� 1/ 2
k = µ1/ 2

k D k contains the singular

values of the whitened channelR Š1/ 2
k̄ H kk in decreasing order

from top left to bottom right, and thatF k andGk correspond
to the left and right eigenvectors ofR Š1/ 2

k̄ H kk with positive

singular values, respectively. Plugging inP k̄ = µk I into (10),
the beamforming weights simplify to

V k = Gk
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�
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and so the transmitter of linkk is transmitting through the
eigen-modes of the whitened channel.

Now we show that power is allocated through water�lling.
Using (54), the inequality constrainttr( V k V •

k ) � pk becomes
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where we have used the fact thattr( XY ) = tr( Y X ) to obtain
(55). To maximize the rate on its link, the transmitter of link
k transmits with maximum power and the inequality in (56) is
treated with equality. Finally, with the choice ofW k = � k � k

for any scalar� k > 0, (56) becomes the water�lling solution
[6], [7], [26]

tr
�
� k I Š � Š1
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�
+ = pk , (57)

where� k =
�

� k /µ k is the water�lling level. �
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